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Abstract: In this paper, we derive exact traveling wave solutions of nonlinear heat conduction equation by a
presented method. The method appears to be efficient in seeking exact solutions of nonlinear equations.
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I. INTRODUCTION

In scientific research, seeking the exact solutions of nonlinear equations is a hot topic. Many
approaches have been presented so far [1-6]. In [7], Mingliang Wang proposed a new method called
(G’/G)-expansion method. The main merits of the (G’/G)-expansion method over the other methods are that it
gives more general solutions with some free parameters and it handles NLEEs in a direct manner with no
requirement for initial/lboundary condition or initial trial function at the outset. So the application of the
(G’/G)-expansion method attracts many author’s attention. Our aim in this paper is to present an application of
the (G’/G)-exp-ansion method to nonlinear heat conduction equation.

II. DESCRIPTION OF THE (G’/G )-EXPANSION METHOD

In this section we will describe the (G’/G)-expansion method for finding out the traveling wave
solutions of no-nlinear evolution equations.

Suppose that a nonlinear equation, say in three indep-endent variables x, y and t, is given by
P(u,u, U, U, Uy, Uy, Uy, U U ) =0 (2.1)

t,7x?

where u = u(X, y, t) is an unknown function, P is a polyno-mial in u = u(x, y, t) and its various partial derivatives,
in which the highest order derivatives and nonlinear terms are involved. In the following we give the main steps
of the (G’

/G )-expansion method.

Step 1. Combining the independent variables x, y and t into one variable & = &(X, Y,t), we suppose that
u(x, y,f) =u(g), ¢ =&(xy,1) (2:2)
the travelling wave variable (2.2) permits us reducing Eq. (2.1) to an ODE for U =u(&)

P(u,uu",....)=0 (2.3)

Step 2. Suppose that the solution of (2.3) can be expre-ssed by a polynomial in (G’/G ) as follows:
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u@)=ea, ()" +.... (2.4)

where G =G(&) satisfies the second order LODE in the form
G"+AG'+uG=0 (2.5)
a.,..A and u are constants to be determined later, ¢, # 0 .The unwritten part in (2.4) is also a

polynomial in (%) , the degree of which is generally equal to or less than m—1. The positive integer m can be
determined by consider-ing the homogeneous balance between the highest order de-rivatives and nonlinear
terms appearing in (2.3).

Step 3. Substituting (2.4) into (2.3) and using second

order LODE (2.5), collecting all terms with the same order of (%) together, the left-hand side of Eq. (2.3) is
converted into another polynomial in (%) . Equating each coefficient of this polynomial to zero, yields a set of
algebraic equation-ns for «,,,...A and u.

Step 4. Assuming that the constants «,,...A and g Can be obtained by solving the algebraic equations in
Step 3, since the general solutions of the second order LODE (2.5)

have been well known for us, substituting «,,,... and the general solutions of Eq. (2.5) into (2.4) we can obtain
the traveling wave solutions of the nonlinear evolution equation (2.1).

In the subsequent sections we will illustrate the propo-sed method in detail by applying it to a nonlinear
evolution equation.

I11.  APPLICATION OF (G’/G )-EXPANSION METHOD FOR NONLINEAR HEAT
CONDUCTION EQUATION

In this section, we will consider the following nonline-ar heat conduction equation [8]:
u —a("), —u+u"=0 (3.1)
In order to obtain the traveling wave solutions of Eq.(3.1), we suppose that

u(x,t) =u(é),& =kx+at (3.2)

K, are constants that to be determined later.

By using (3.2), (3.1) is converted into an ODE
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ou'—ak*(u")"—u+u" =0 (3.3)
Suppose that the solution of (3.3) can be expressed by a polynomial in (%) as follows:
u@=3a(8) (34)
i
where @; are constants.

Balancing the order of U' and U" in Eq.(3.3), we have

1

1 =
m+l=mn+2=m= ——1 .S0 we make a varia-ble U=V ", then (3.3) is converted into
n J—

#(ﬂw(n—nzvz (v—1)+ak®n(2n-1)(v')* —ak’n(n—Hw"=0 (3.5)
Suppose that the solution of (3.5) can be expressed by a polynomial in (%) as follows:
W&)=3b(&) (356)
i
where b, are constants, G =G(¢&) satisfies the second order LODE in the form:
G"+AG+uG=0 (3.7)
where A and g are constants.

Balancing the order of (v®)' and W" in Eq.(3.5), we have 3l +1=1+1+2=1=1.50 Eq.(3.6)

can be rewritten as

V(&) =bi(8)+by, b #0 (38)
b,,b, are constants to be determined later.

Substituting (3.8) into (3.5) and collecting all the terms with the same power of (%) together and
equating each coefficient to zero, yields a set of simultaneous algebraic equations as follows:
(%)O 1 —b2 — b —nbb -+ — 2nb? + by ?b i
—ak’nb?g? —ak’n*bbyAu+ak’nbby Au+ 2ak’n?t’F +2nb’ +n’b)’ =0
(%)1 3k, A — 2n°bb, + 30,7, + 6nb, b, — 4nbyb,

+2ak’nbby s+ 2ab by’ 12+ ak?nbb A2 — enby?0, A
+3n%b,’b, — 2wnbb,’ 11— ak’n’bb, A% + w4 —2ak®n’bby i —2bb, —ak’nb?Au =0
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(E')2 e N+ 30°byb2 — 202 + 6nb.%b, + 2akn’h; 1
+3ak’nbyb A + @by ’b, —b” —n’b’ — 2enb b’ A +ak’n’h? A%
3057 — oty b, — 3akn%byb, -+ b i+ 20 b4 + 6nbyb? = 0

(C)° - ahia—20nb7h, — A + ak?nb? A+ b2 + 2 b,
2ak’nbyb, —2ak’n’byb, +ak’n’b*A+2nb’ +n’h* =0

G ) ramh?® +ak’nb? —wb’n=0

Solving the algebraic equations above, yields:
Case 1:when 2% —44>0

1 1 1 1
=+ |————— b =+= +—
b AP—4p’ T T2\NAP-4u 2
oDt 1 (DA A (3.9)
n \ai®>—4au n(A° +4.u)

Substituting (3.9) into (3.8), we have

1 G, 1 1 1
=5 O T

fzin—_l (n —1)JA* - 4,u (3.10)
n \l al’? 4a,u n(A® +4u)

Substituting the general solutions of (3.7) into (3.10), we have:
(&) =7 ir C smh;\/_4y§+c cosh%ﬂ;‘ 1 1
2\ A - 4u 2(C cosh;\/_4,u§+c smh;\/_g 2\/; 2
S
Then y, (&) = (v () "

where E=1 n- 1’ (” 1)\MZ 4ﬂ , C, and C, are two arbitrary constants.

n \faﬂ,z dap T (P +4n)

Case 2: when 2% —4,<0

1 . 1 1 .1
=+ |———iby =+ [——i+
du—A 2\4u—-1

koa=t [ 1 L (DA A (3.11)
n \dau—-al?"’ n(A% +4u)

Substituting (3.9) into (3.8) we have

1 .1
2\4u-2* 2

V(o) =%

(—)

| Volume 04 | Issue 10 | www.ijlrem.org | 26 |



International Journal of Latest Research in Engineering and Management" (IJLREM)
ISSN: 2456-0766
www.ijlrem.org | Volume 04 Issue 10| October 2020 | PP 23-27

P o (DA -2 (3.12)

n \4au- aﬂ,z n(A° +4u)

Substituting the general solutions of (3.7) into (3.12), we have:
1z 1z
V()= +2 ,4 1/12i 1 Csmh?/ﬁ —4ué+C, cosh?/ﬂ 4;15 EJTHE
2
H 2 Ccosh%a//l2 4ué+C, smh;J ape 2\NAp-A 2
L
Then u,(£) = (v,(&) "*

where &= 4=t -1 f (” Dy4u- ’1' , C, and C, are two arbitrary constants.

n\ 4ay a n(A° +4u)

IV. CONCLUSION

The main points of the (G’/G )-expansion method are that assuming the solution of the ODE reduced by
using the traveling wave variable as well as integrating can be expressed by an mth degree polynomial in
(G’IG), where G =G(&) is the general solutions of a second order LODE.

The positive integer m is determined by the homogeneous balance between the highest order derivatives
and nonlinear terms appearing in the reduced ODE, and the coefficients of the polynomial can be obtained by
solving a set of simultaneous algebraic equations resulted from the process of using the method. Furthermore the
method can also be used to many other nonlinear equations.

References

[1]. M. Wang, Solitary wave solutions for variant Boussinesq equations, Phys. Lett. A 199 (1995) 169-172.J.
Clerk Maxwell, A Treatise on Electricity and Magnetism, 3rd ed., vol. 2. Oxford: Clarendon, 1892,
pp.68-73.

[2]. E.M.E. Zayed, H.A. Zedan, K.A. Gepreel, On the solitary wave solutions for nonlinear Hirota-
Satsuma coupled KdV equations, Chaos, Solitons and Fractals 22 (2004) 285-303.

[3]. L. Yang, J. Liu, K. Yang, Exact solutions of nonlinear PDE nonlinear transformations and reduction of
nonlinear PDE to a quadrature, Phys. Lett. A 278 (2001) 267-270.

[4]. E.M.E. Zayed, H.A. Zedan, K.A. Gepreel, Group analysis and modified tanh-function to find the
invariant solutions and soliton solution for nonlinear Euler equations, Int. J. Nonlinear Sci. Numer.
Simul. 5 (2004) 221-234.

[5]. M. Inc, D.J. Evans, On traveling wave solutions of some nonlinear evolution equations, Int. J. Comput.
Math. 81 (2004) 191-202.
[6]. M.A. Abdou, The extended tanh-method and its applications for solving nonlinear physical models,

Appl. Math. Comput. 190 (2007) 988-996

[71. Mingliang Wang, Xiangzheng Li, Jinliang Zhang, The (G’/G )-expansion method and travelling wave
solutions of nonlinear evolution equations in mathematical physics. Physics Letters A, 372 (2008)
417-423.

[8]. A.M. Wazwaz, Multiple-front solutions for the burgers equation and the coupled burgers equations,
Appl. Math. Comput. 190 (2007) 1198-1206.

| Volume 04 | Issue 10 | www.ijlrem.org | 27 |



